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Abstract
In this paper the most natural questions concerning the blocking sets in the line Grassmannian of PG(n, q) are partially answered.
In particular, the following Bose–Burton type theorems are proved: if n is odd or n = 4, then the blocking sets of minimum size are
precisely the linear complexes with singular subspace of minimum dimension.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In 1980, Tallini [10] developed the theory of k-sets in the line Grassmannian of a Galois space PG(n, q), as a
natural extension of the analogous one in PG(n, q). Since 1999, Metsch [5,6] proved several results characterizing
some hyperplane sections of polar spaces as being the smallest blocking sets. He called such results “Bose–Burton
type theorems” in analogy with the well-known characterization of the linear subspaces of PG(n, q) [1]. The aim of
this paper is to develop a theory of blocking sets in the line Grassmannian of PG(n, q) taking inspiration from the
mentioned results.
In this note we deal with the projective space PG(n, q) coordinatized by Fq , where n> 2, and q is a prime power.
LetP andR denote the point and line set of PG(n, q), respectively. If A ∈ P and  is a plane of PG(n, q) containing
A, the pencil of lines with center A and support  is the set (A, ) of all lines through A, lying on . LetF denote
the set of all pencils. The geometry (n, 1, q) = (R,F) is a semilinear space, known as the line Grassmannian of
PG(n, q). Occasionally, we will call the elements of R G-points, and the elements ofF G-lines. Analogously, planes
and projective subspaces contained in (R,F) will be called G-planes and G-subspaces, respectively.
More generally, a pencil of h-subspaces in PG(n, F ), F a ﬁeld, is the set of all h-subspaces containing a given
(h−1)-subspace, say L, and contained in a given (h+1)-subspace M, with L ⊆ M . The hth Grassmannian (n, h, F )
of PG(n, F ), 0hn − 1, is the semilinear space whose points are the h-subspaces in PG(n, F ) and whose lines are
the pencils of h-subspaces.
Let A,B ∈ P be two distinct points and  = AB the line joining them. Let us represent such points by coordinates,
say A = Fq(x0, x1, . . . , xn) and B = Fq(y0, y1, . . . , yn). The elements
pij = xiyj − xjyi, 0 i < jn,
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This point is independent on the choice of A,B ∈ , A = B, and their coordinates, so it can be uniquely associated
with . The map ℘ :  → Fq(pij ) is the well-known Plücker embedding, and the elements pij are the so-called Plücker
coordinates of . The set Gn,1,q = R℘ is the Grassmann variety representing the lines of PG(n, q). For n = 3, this
variety is also known as the Klein quadric. The Plücker embedding is one-to-one, furthermore the image of an element
ofF is a line of PG(N, q) contained in Gn,1,q , and conversely. By these properties of ℘, the semilinear space whose
point set is Gn,1,q and whose lines are the lines of PG(N, q) contained in Gn,1,q is isomorphic to (n, 1, q).
Let A ∈ P, and let SA be the star of lines with center A, i.e.
SA = { ∈ R|A ∈ }.
This SA is an (n − 1)-dimensional G-subspace, and S℘A is a subspace of PG(N, q) entirely contained in Gn,1,q . We
deﬁneS= {SA|A ∈ P}. Next, let  be a plane of PG(n, q), and T = { ∈ R| ⊂ }. Such T, which will be called a
ruled plane, is a G-plane, and T ℘ is a plane of PG(N, q) contained in Gn,1,q . LetT be the set of all ruled planes. It is
quite clear thatS∪T is the set of all maximal G-subspaces of (n, 1, q). So, every subspace of PG(N, q) contained
in Gn,1,q , maximal with respect to inclusion, is the image under ℘ of an element ofS ∪T, and conversely.





ijpij = 0. (2)
Let B be a linear complex. If a point P exists such that all lines through P belong to B, then the linear complex is called
degenerate; otherwise, B is general.
A null polarity of PG(n, q) is amapping, whichmaps a pointA, represented by a column vector a, onto a hyperplane
A of coordinates u=Ma, where M = O is a given skew-symmetric (n+1)× (n+1) matrix. The mapping is deﬁned
only on the non-singular points, that is when Ma = O. If M is singular, then  is said to be degenerate. There is a
non-degenerate null polarity in PG(n, q) if and only if n is odd. The following result is well known (cf. e.g. [8, Section
156]):
Result 1. Let B be the linear complex of Eq. (2), and denote by the null polarity of PG(n, q) with matrix M = (ij ),
where ij =0 for i=j and ij =−ji for i > j . Let A and B be two distinct points. Then the line AB belongs to B if and
only if either A is a singular point for , or B ∈ A. This deﬁnes a bijection between the set of all linear complexes
and the set of all null polarities, and degenerate linear complexes are related to degenerate null polarities.
A blocking set in a semilinear space (R,F) is a set B ⊆ R, such that every  ∈ F meets B. Our goal is to study
the blocking sets of (n, 1, q). In the following sections some problems concerning blocking sets in (n, 1, q) are
partially answered. This can be seen as the ﬁrst step in investigating the blocking sets with respect to the k-subspaces
in (n, h, q), where 0<h<n − 1, k max{n − h, h + 1}, which are currently object of investigation.
We shall use the notation
i = q
i+1 − 1
q − 1 , i ∈ N ∪ {−1}.
2. Examples of blocking sets in (n, 1, q)
If B′ is a blocking set with respect to lines in PG(N, q), then B= (B′ ∩Gn,1,q)℘−1 is a blocking set in (n, 1, q). In
case B′ is a hyperplane of PG(N, q), then B is a linear complex. Such a complex is degenerate if and only if B contains
some S ∈S.
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Now let us consider in PG(N, q) the cone B′ with vertex a subspace U on a blocking set B of a further subspace U ′,
such thatU andU ′ are complementary subspaces. This cone is a blocking set of PG(N, q). Next, for k=0, 1, . . . , n let Ik
be the set of the pairs (i, j) of integers satisfying 0 i < jk.Assume now that U is the subspace of PG(N, q) deﬁned
by the equations pij =0 for (i, j) ∈ Ik , and U ′ has equations pij =0 for (i, j) ∈ In\Ik . Then (U ∩Gn,1,q)℘−1 is the set
of all lines meeting an (n − k − 1)-subspace V of PG(n, q). More precisely, V has equations x0 = x1 = · · · = xk = 0.
Furthermore, V ′ = (U ′)℘−1 is the set of lines contained in the subspace of PG(n, q) of equations xk+1 = xk+2 =
· · · = xn = 0, and B∗ = (B)℘−1 is a blocking set of the Grassmannian of lines of V ′. A line  belongs to the blocking
set B = (B′ ∩ Gn,1,q)℘−1 if and only if either  meets V , or its projection from V onto V ′ belongs to B∗. So, starting
from a blocking set B∗ in (k, 1, q), we have a construction that gives a blocking set B in any (n, 1, q) (n> k), such
that the intersection of B with (k, 1, q) is B∗.
In case the blocking set B is a linear complex, then the above construction has an inverse, as follows: the set of
singular points, say W , is a subspace of PG(n, q). Let W ′ be a subspace of PG(n, q) complementary with W , and B∗
the set of all lines of the linear complex B which are contained in W ′. This B∗ is a general linear complex. Then a line 
of PG(n, q) belongs to B if, and only if, ∩W = ∅ or the projection from  onto W ′ belongs to B∗. As a consequence,
only the general linear complexes need to be studied.
We are also interested in constructing blocking sets in (n, 1, q) without reference to PG(N, q). An example can
be obtained by taking into account a quadric Q of PG(n, q), and the set B of all lines meeting Q. One could remove
from B the lines that are contained in Q. A further example is given by the set of self-conjugate lines with respect to a
Hermitian polarity.
3. Size of the blocking sets and Bose–Burton type theorems
We are going to ﬁnd sharp lower bounds for the size of a blocking set of(n, 1, q) for n odd, and n=4.A fundamental
tool will be a characterization of the primes of (n, 1, q). A prime (or geometric hyperplane) in a semilinear space is a
proper subset, say H, of the point set, such that each line that is not contained in H intersects H in exactly one point. A
characterization of all primes can be derived from the description of the linear mappings of (n, h, F ) into a projective
space [3]:
Theorem 2. Each prime of (n, h, F ), F a commutative ﬁeld, is a linear complex.
A self-contained proof of theorem 2 can be found in [9]. For the ﬁnite case, see [10].
Theorem 3. Let B be a blocking set of (n, 1, q). Then
|B|nn−2/1. (3)
The equality holds if and only if for every S ∈S, B ∩ S is a hyperplane of S.
Proof. Let K be the size of the set
{(, S)| ∈ R, S ∈S,  ∈ B ∩ S}.
Since every  is contained in 1 elements of S, we have K = |B|1. On the other hand, B ∩ S is a blocking set of
S, then |B ∩ S|n−2, and the equality holds if and only if B ∩ S is a hyperplane of S. The inequality implies
Knn−2. 
Example. Let  be a non-degenerate null polarity of PG(n, q) (so, n is odd). Let B be the linear complex associated
with . Double counting of the size of
{(A, )|A ∈ P,  ∈ R, A ∈  ∈ B}
gives nn−2 = |B|1, whence |B| = nn−2/1. So, the bound (3) is sharp when n is odd.
If n is even, the above bound is not sharp, by the following theorem, which describes the blocking sets of minimum
size for odd n. In the case of the Klein quadric, this is known [6].
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Theorem 4. Let B be a blocking set of (n, 1, q), such that |B|= nn−2/1. Then n is odd, and B is a general linear
complex.
Proof. Every  ∈F is contained in an S ∈S. By the second assertion in Theorem 3, either |∩B|=1 or  ⊂ B. So,
B is a prime of (R,F), that is a linear complex. Since such a complex contains no star by Theorem 3, it is a general
linear complex, which is related to a non-degenerate null polarity, and this implies that n is odd. 
A result like the above theorem, which characterizes the simplest blocking sets as the smallest ones, is usually called
a Bose–Burton type theorem [1,6].
If U is a subspace of PG(n, q), let BU be the subset of B consisting of the lines contained in U. This BU is clearly a
blocking set of the line Grassmannian of U, which will be denoted by (U).
Theorem 5. Let B be a blocking set of (n, 1, q). If a hyperplane H0 of PG(n, q) exists such that no star of (H0) is
contained in B, then
|B|(n−1)2/1. (4)
The equality holds if, and only if, n is even, and B is a linear complex with exactly one singular point.
Proof. First of all, each linear complex with exactly one singular point O is a blocking set of size (n−1)2/1. To
see this, assume that the size of such a linear complex is x. By counting the ordered pairs (A, ), where A is a point
in PG(n, q), and  is a line through A and belonging to the linear complex, we have n−1 pairs of type (O, ), and
n−2 pairs of type (P, ) if P is a point distinct from O, and this P can be chosen in qn−1 different ways. So,
n−1 + qn−1n−2 = x1 gives x = (n−1)2/1. Furthermore, if H0 is a hyperplane not through O, then the linear
complex contains no star of (H0).
By Theorem 3, |BH0 |n−1n−3/1. Each G-point of B\BH0 is a line of PG(n, q) intersecting H0 in exactly one
point. For every point A in H0 there is a line  through A, contained in H0 and such that  /∈B. The set  of all lines in
PG(n, q) through A which are not contained in H0 is an (n− 1)-dimensional afﬁne space. Each line of  (i.e. a G-line
without a G-point) having  as inﬁnity “point” must intersect B. Therefore, A is at least on qn−2 lines belonging to
B\BH0 . This implies |B|(n−1n−3/1) + n−1qn−2, that is (4). The equality holds if and only if n is even, BH0 is a
general linear complex (by Theorem 4) and for every A ∈ H0, SA ∩ B is an (n − 2)-dimensional G-subspace.
From now on assume |B| = (n−1)2/1. Let  be the null polarity induced by BH0 in H0. For every point C of
PG(n, q) not in H0, let IC be the set of all points Y in H0 such that the line CY belongs to B. Such IC is a blocking
set of the projective space H0.
Next, let  be a pencil of PG(n, q) with center C not in H0, such that | ∩ B|2. Let 1, 2 ∈  ∩ B, 1 = 2, and
A1, A2 the intersections of H0 with 1 and 2, respectively. So, A1, A2 ∈ IC .
Assume A1A2 /∈B. Since for every A ∈ A1A2, SA ∩ B is a G-subspace, A is on exactly one line of B contained in
the plane CA1A2. So, the related ruled plane intersects B in exactly q + 1 G-points—precisely the ones of . In other
words
If a line  in H0 meets IC in at least two points and does not
belong to B, then  ⊆ IC. (5)
Now assume that a point X ∈ A1A2 exists such that X /∈ IC . By (5) we have A1A2 ∈ B. Take Z ∈ X ∩ IC\(A1A2).
From Z /∈A1 we have A1Z /∈B, whence A1Z ⊆ IC . All the lines in the plane  = A1A2Z through the point A2 and
distinct from A1A2 meet IC in at least two points and do not belong to B, so they are included in IC . This implies
\A1A2 ⊆ IC . Using (5) once again, we have that every X′ ∈ A1A2\{X} belongs to IC . So, it holds in general that
each line  in H0 meeting IC in at least two points either is contained in IC or meets IC in exactly q points. In the latter
case, if ′ is a plane containing , contained in the polar hyperplane of the point outside IC and not contained in ,
then |′ ∩ IC | = q2 + q.
Assume again A1, A2 ∈ IC , X ∈ A1A2\IC . For every P ∈ (A1A2), P = X, there exists Q1 ∈ X\(A1 ∪P ). Let
Q2 be another point on the line PQ1: we have also Q2 ∈ X\(A1 ∪P ). For i = 1, 2, the plane A1A2Qi is contained
in X but not in (A1A2), and this implies Qi ∈ IC . Furthermore, Q1Q2 /∈B, hence Q1Q2 ⊆ IC by (5), and P ∈ IC .
Summarizing, X ∩ IC = X\{X}.
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By the above arguments, one of the following holds: (i) IC is an (n − 2)-dimensional subspace; (ii) IC = H0; (iii)
|IC | = qn−3 + qn−2: indeed, if IC is not a subspace, then a point X /∈ IC on a line intersecting IC in exactly q points
exists. A line  through X meets IC in either q points, if  is contained in X, or in exactly one point otherwise.
Let , 	 and 
 be the numbers of points C such that the size of IC is n−2, n−1 and qn−3 + qn−2, respectively. It
holds + 	+ 
= qn and, counting the pairs (C, ), with C a point of PG(n, q) outside H0 and  ∈ B a line through C:
n−2+ n−1	+ (qn−3 + qn−2)
= n−1qn−1.
This implies qn−1	 + (qn−2 − 1)
 = qn−1, and 	 = 1, 
 = 0. As a consequence, B is a prime of (n, 1, q), that is a
linear complex. From 	= 1 we infer that B contains exactly one star. 
Proposition 6. Let B be a blocking set of (4, 1, q) of size |B|3(q2 +1). Then a hyperplane H0 of PG(4, q) exists
such that no star of the Grassmannian of lines of H0 is contained in B.
Proof. Assume that this does not hold. For every hyperplane H, let K(H) be the number of pairs (X, ), with X a point
in H, and X ∈  ∈ BH . Each  ∈ BH contains 1 points, so K(H) = |BH |1. There is a point A ∈ H such that all
lines through A contained in H belong to B: this gives 2 pairs in K(H). For each point X in H, the lines through X
in H form a G-plane , and those lines through X which belong to BH are a blocking set of ; this gives at least 1
pairs of K(H). Together we have K(H)2 + q21 = 22. Then |BH |22/1 = q3 + 21. Next, double counting
the number K of pairs (,H), where H is a hyperplane and  ∈ BH gives
K = |B|2, K4(q3 + 21).
So, |B|4(q3 + 21)/2 > 3(q2 + 1) |B|, a contradiction. 
Theorem 5 and Proposition 6 give a further Bose–Burton type theorem.
Theorem 7. Let B be a blocking set of (4, 1, q). Then |B|3(q2 +1). The equality holds if and only if B is a linear
complex with exactly one singular point.
For even n> 4, it is an open question, whether blocking sets of (n, 1, q) having size less than (n−1)2/1 exist. If
B is such a blocking set, then for each hyperplane H of PG(n, q), B contains a star of (H) (cf. Theorem 5).
4. Further combinatorial questions
We are now interested in blocking sets in (n, 1, q), which do not contain elements ofF. We will call them strong
blocking sets. As regards strong blocking set in PG(n, q), we have:
Theorem 8 (Mazzocca and Tallini [4]). For each prime power q, there exists a positive integer n(q), such that
PG(n, q) contains a strong blocking set if and only if nn(q).
Assume q is given. Since (n, 1, q) contains G-subspaces isomorphic to PG(n−1, q), strong blocking sets can exist
in (n, 1, q) for only ﬁnitely many values of n. Of course, if in PG(N, q) (N was deﬁned in (1)) there are blocking sets
not containing lines, then there exist strong blocking sets in (n, 1, q).
Theorem 9. For every q5, q a prime power, (3, 1, q) contains a strong blocking set.
Proof. Take a line ∗ and a threedimensional subspace U in PG(5, q), such that ∗ ∩G3,1,q =∅=∗ ∩U . The subspace
U contains a strong blocking set B′ [7]. Let B′′ be the cone on B′ with vertex ∗, and let m be a line contained inG3,1,q .
The lines ∗ and m are skew, hence the projection m′ of m from ∗ onto B′ is a line, that has a point in B′ and a point
not in B′. Correspondingly m has a point in B′′ and a point not in B′′. Since the Plücker embedding transforms lines
into lines in both directions, (G3,1,q ∩ B′′)℘−1 is a strong blocking set of (3, 1, q). 
For q4 the projective space PG(3, q) does not contain strong blocking sets [2,4].
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Theorem 10. For every q4, q a prime power, (3, 1, q) contains a strong blocking set.
Proof. Take into account the following objects: (i) a point A∗ in G3,1,q ; (ii) the tangent prime to G3,1,q at A∗, say TA∗ ;
(iii) a plane ∗ in TA∗ such that ∗ ∩G3,1,q = {A∗}; (iv) a line ∗ in TA∗ such that ∗ ∩ ∗ = ∅, and ∗ ∩G3,1,q = ∅; (v)
a plane  in G3,1,q such that  ∩ ∗ = ∅; (vi) a strong blocking set 1 of the afﬁne plane \TA∗ (whose existence can
be easily proved); (vii) a strong blocking set 2 of the projective plane ∗; (viii) the projection p1 : PG(5, q) → 
from the vertex ∗; (ix) the projection p2 : TA∗ → ∗ from the vertex ∗.
Let B1 be the set of all X ∈ G3,1,q\TA∗ , such that Xp1 ∈ 1. Let B2 be the set of all X ∈ G3,1,q ∩ TA∗ , such that
Xp2 ∈ 2. We claim that B = B1 ∪ B2 is a strong blocking set in G3,1,q . Let  be a line contained in G3,1,q ; we will
prove that  contains a point in B and a point not in B.
Case 1: TA∗ . In this case A∗ /∈  and  ∩ ∗ = ∅. Let 1 = (\TA∗)p1 . Such afﬁne line contains a point A1 in 1
and a point B1 not in 1. The related points in , say A and B, satisfy A ∈ B and B /∈B.
Case 2:  ⊆ TA∗ . The statement follows by considering that p2 has a point in 2 and a point not in 2. 
As a set of lines of PG(3, q), the set B deﬁned in the proof has the following property. There are q2 regular spreads
of type ((∗ ∨ X) ∩G3,1,q)℘−1 (where ∗ ∨ X denotes the join in PG(3, q)) as X varies in \TA∗ and every spread is,
not considering (A∗)℘−1 , either contained in B or disjoint from B.
The question of the existence of the strong blocking sets is still open for n = 3 and q = 3, whereas for n = 3 and
q = 2 they cannot exist because the projective plane of order 2 does not contain nontrivial blocking sets.
It could also be of interest to ﬁnd higher bounds for the size of the blocking sets which are minimal with respect to
inclusion. We only achieved the following general result, concerning the so-called partial linear spaces of order (s, t).
Theorem 11. Let (R,F) be a semilinear space, and B ⊆ R a minimal blocking set. Assume that |F| = b, |B| = 	,




t + s + 1
⌋
. (6)
Proof. Let N ′ be the size of the set
I ′ = {(,)| ∈ B,  ∈F,  ∩ B = {}},
and N ′′ the size of
I ′′ = {(,)| ∈ B ∩ ,  ∈F}\I ′.
Obviously N ′ + N ′′ = 	(t + 1). Let 
 denote the number of lines tangent to B. The number of non-tangent lines is
b − 
, then N ′′(b − 
)(s + 1). Therefore, 
= N ′	(t + 1) − (b − 
)(s + 1), whence
	 b(s + 1) − 
s
t + 1 . (7)
Since B is minimal, every point of B is contained in at least one tangent line; so, 	
. This and (7) imply (6). 
Though the previous theorem is not signiﬁcant for the semilinear space (n, 1, q), it gives a bound which is sharp
among all semilinear spaces satisfying the assumptions. An example attaining the bound is given by a set of v − 1
points in the complete graph Kv . A further example is given in Q+(3, q) by the set of points lying on a tangent plane
at a point P, without P. The author wishes to thank D. Olanda for pointing out the latter example.
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